In this paper we study explicit solutions of fractional integro-differential equations with variable coefficients involving Prabhakar-type operators. Analytic solutions to equations involving Prabhakar operators and Laguerre derivatives are obtained by means of operational methods.
Introduction
In the recent years there have been an increasing interest for the analysis and applications of fractional integro-differential operators. Different definitions and approaches to this topic are discussed in the literature. c 2014 Diogenes Co., Sofia pp. 38-60 , DOI: 10.2478/s13540-014-0154-8 Some of them are based on integral operators with special functions in the kernel (see for example Kiryakova [15] ). In this framework, for example, Prabhakar [22] introduced an integral operator whose kernel is given by a generalized Mittag-Leffler (M-L) function. Recent generalizations of this definition have been given by Srivastava and Tomovski in [28] -by using four parameter M-L functions, and by Paneva-Konovska [21] -by introducing 3m-parametric M-L functions. However few results about exact solutions of integro-differential equations involving these operators are present in literature. In the case of linear equations, the main tools to find explicit solutions are given by integral transforms. On the other hand, in recent papers (see for example [6, 10] ), the utility of operational methods to solve linear fractional differential equations has been pointed out.
The aim of this paper is to propose exact solutions to fractional equations with variable coefficients involving Prabhakar-type operators by means of operational methods and integral transforms methods. First, we consider equations containing Laguerre derivatives [5] and Prabhakar operators. We show the advantage of the operational methods to solve a wide class of integro-differential equations involving the Prabhakar operators.
Then, by using the Laplace transform, we find the analytic solution to the following n-initial value problem: , are the operators defined in Section 2. This result is a generalization of that discussed in Srivastava and Tomovski [28] .
The paper is organized as follows: in Section 2, we recall some preliminaries about fractional integrals and derivatives and the M-L functions; in Section 3 we apply operational methods to solve a wide class of fractional order equations, also with variable coefficients, involving Prabhakar operators. Finally, in Section 4 we study the Cauchy problem (1.1)-(1.2).
Preliminaries about fractional integrals and derivatives
The Caputo fractional derivative is one of the most used definitions of a fractional derivative along with the Riemann-Liouville (R-L) and the Grünwald-Letnikov (G-L) ones. Whereas the R-L definition of a fractional derivative is usually employed in mathematical texts and not so frequently in applications, and the G-L definition -for numerical approximations of both Caputo and R-L fractional derivatives, the Caputo approach appears often when modeling applied problems by means of fractional order differential equations in mathematical physics. Hilfer [7] generalized the R-L fractional derivative of order μ and type ν in the framework of fractional time evolution:
The integral operator I μ a + in (2.1) is the right-sided R-L integral of order μ, which is defined by
The operator (2.1) is defined on the space L (a, b) of Lebesgue integrable functions f (x) on a finite interval [a, b] of the real line R: 
4)
holds for any ϕ ∈ L (a, b) .
Recently Hilfer et al. [10] have extended Eq.(2.1) to general values of n − 1 < μ ≤ n, 0 < ν ≤ 1 in the following way:
This generalization gives the classical R-L derivative if ν = 0, and it gives the Caputo derivative if ν = 1. The generalization (2.1) was recently named as Hilfer fractional derivative by Mainardi and Gorenflo [20] . The generalized R-L fractional derivative (2.1) appeared in the theoretical modelling of broadband dielectric relaxation spectroscopy for glasses [8] . The difference between the fractional derivatives of different types becomes apparent from the Laplace transformation formula. In [8] it is found for 0 < μ < 1 that the Laplace transform of D
where the term I
Some compositional properties with the generalized R-L fractional derivative operator and Hardy type inequality with generalized R-L fractional derivative operator were obtained in the recent papers [28, 29] . Using the Laplace transformation method, several fractional differential equations with constant and variable coefficients, as well as some Volterra integrodifferential equations in the space of summable functions y(x) ∈ L(0, ∞), were solved, see e.g. [28] , [29] . An operational calculus of the Mikusinski type was introduced for the generalized R-L fractional derivative operator in [10] and it was used to solve the corresponding n-initial value problem for the general n-term linear fractional differential equation with constant coefficients with generalized R-L fractional derivatives of arbitrary orders and types. The solution of such equation is expressed in terms of multinomial Mittag-Leffler (M-L) functions. These functions take an important place in the theory of fractional and operational calculus and their applications in the basic processes of evolution, relaxation, diffusion, oscillations, and wave propagation. The M-L functions E α (z) and E α,β (z) are defined by the following series:
By means of the series representation a generalization of the M-L function E α,β (z) of (2.10) was introduced by Prabhakar [22] as follows
where
is the Pochhammer symbol.
Clearly, we have E
The generalized M-L function E γ α,β (z) itself is actually a very specialized case of a rather extensively investigated function p Ψ q as indicated below (see also [[13] , p.45, Eq.(1.9.1)]):
Here, and in what follows p Ψ q denotes the Wright (or, more appropriately, the Fox-Wright) generalization of the hypergeometric p F q function, which is defined by (see, for ex. [13] )
.., q) and that the equality in the convergence condition holds true only for suitably bounded values of |z|. In fact, we have (see for details, [13] )
(2.14) The M-L type functions have only recently been calculated numerically in the full complex plane [9, 26] . Srivastava and Tomovski [28] introduced the four parameter M-L function by the following series:
It is obvious that
. By comparing the definitions (2.13) and (2.15), we readily arrive at the following analogue of the relationship (2.12), namely
By suitably applying a known result for the Laplace transform, given recently by Srivastava and Tomovski [28] , we have
which, in the further special case when ρ = β, σ = α yields
The special case of (2.18) when κ = 1 yields
Various operators of fractional integration (involving, for example, those with such general classes of functions as the Fox H-functions in their kernels) were investigated rather systematically by Srivastava and Saxena [27] , Kiryakova [15] , [18] , and others. In [28] , Srivastava and Tomovski introduced and investigated a fractional calculus with an integral operator in L (a, b) which contain the M-L type function (2.15) in the kernel:
(2.20) The following inequality holds true (see [28] , Theorem 7) for the integral operator ε ω;γ,κ 0+;α,β defined by (2.20):
The equality holds true in Eq.(2.21) when κ = 1 (see [12] ). The integral operator ε
a+ was introduced and studied by Prabhakar in [22] . In [23] the fundamental solution of a general time fractional wave equation for a vibrating string is obtained in terms of the integral operator ω;γ,1 0+;α,β and a complete set of eigenfunctions of the SturmLiouville problem has been found. As a matter of fact, in the special case when ω = 0 the integral operator (2.20) corresponds essentially to the right-handed R-L fractional integral operator defined by (2.2).
As further extensions of the M-L functions, we like to attract the attention to the multinomial M-L functions defined by:
are the so-called multinomial coefficients. Luchko and Gorenflo [19] called this function multivariate, but in [10] we recalled it multinomial M-L function. The multinomial Wright function is defined by
The utility of the new special function (2.23) will be discussed in Section 4.
Kiryakova [17] proposed and studied the following extension of the M-L function with respect to the number of indices, satisfying properties close to these in the classical case. Let m > 1 be an integer, and z, α j , β j ∈ C, (α j ) > 0, j = 1, 2, .., m. By means of these "multi-indices", the so 
and further, a similar multi-index (3m-parametric) analogue of the Prabhakar function (2.12) was introduced by Paneva-Konovska [21] .
Many authors have applied the methods of fractional integro-differentiation to construct solutions of ordinary differential equations of fractional order, to investigate integro-differential equations, and to propose a unified theory of special functions. Methods and results in these areas are presented, for example, in Samko et al. ([25] , Ch. 8), Kiryakova [17] , Kilbas et al. [13] , etc. We mention here also the paper by Al-Saqabi and Tuan [1] , where using an operational method they solved a fractional integrodifferential equation of Volterra's type of the form
On the other hand, Kiryakova and Al-Saqabi [16] and [2, 3] constructed solutions in closed form for certain integro-differential equations with the R-L and Erdélyi-Kober-type fractional integrals and derivatives, in terms of the M-L functions.
Kilbas et al. [11] established an explicit solution of the Cauchy type problem for the equation
under the initial conditions 28) where n = [ (α)] + 1 for α / ∈ N and α = n for α ∈ N, in terms of the generalized M-L functions. The homogeneous equation corresponding to (2.27) (f (x) = 0) is a generalization of the equation which describes the unsaturated behavior of the free electron laser (see [11] ). In [28] 
under the initial condition
Here we will propose fractional differential equation with variable coefficients (Section 6 of [28] ) based upon the generalized R-L fractional derivative operator and the integral operator (2.20) which emerge naturally from our investigation in Section 5 of [28] . For the utility of the reader, we recall the extended formula for the Laplace transform of the generalized R-L fractional derivative operator, which was already presented in [30] .
is valid for any summable function y ∈ L(0, ∞).
P r o o f. Applying the integral operator I
μ a + to the each side of (2.1) and then using the compositional properties (2.4) and (2.6), we obtain
Then using the Laplace transform of the each side of the latter equations, we get:
Taking a = 0 in the last equation, we obtain formula (2.32). 2 The Laplace transform formula (2.32) can be useful in solving certain integro-differential equations governing certain physical problems which will be discussed in Section 4. We will apply the Laplace transform method to find the explicit solution of the Cauchy problem (1.1)-(1.2).
Fractional integro-differential equations involving Laguerre derivatives
Recently, Garra and Polito [6] provided the analytic solution of a wide class of linear fractional differential equations by using operational methods. In this section we show the utility of the operational methods for solving a wide class of integro-differential equations involving the Prabhakar operators, also with variable coefficients.
We start from the analysis of the following equation 
is also named in literature as the Laguerre derivative ([4]- [5] ). It is well known that the eigenfunction of the Laguerre derivative is given by the function .2) i.e. the zeroth order of the Tricomi functions. This means that
We now apply this result to the fractional integro-differential equations with variable coefficients (3.1). 
Theorem 3.1. Consider the following initial value problem (IVP)
The operational solution (3.4) becomes an effective solution when the series converges, and this depends on the actual form of the initial condition g(x). We remark that this operational approach can not be applied to the more general operator ε ω;γ,κ 0 + ;α,β . The reason is due to the fact that the proof of the validity of the semigroup property for this operator is an open problem, as it was discussed above (see (2.21) ). On the other hand, by using (2. Then we have that
as claimed. Example 3.1. As a first concrete example we consider the following
We recall the following lemma from [12] , p.42:
Applying this lemma, we have
and by using Theorem 3.1, the solution of the IVP (3.7) is given by
We observe that boundary value problems (BVPs) for equations involving Laguerre spatial derivatives, can be studied by operational methods in a similar way, as we are going to illustrate this by the following example. 
Then, the solution is given by
By using similar reasoning, we can also treat in a simple way integrodifferential equations involving both Laguerre derivatives (i.e. with variable coefficients) and Riemann-Liouville integrals. Indeed, it is well known that Riemann-Liouville integrals satisfy the semigroup property. 9) in the half plane x > 0, with analytic initial condition g(x). The operational solution of equation (3.9) is given by:
Theorem 3.2. Consider the following initial value problem (IVP)
By applying the previous theorem, its solution is given by
where we used the fact that
To conclude this section, we can now state the following theorem (inspired by the analysis developed in [4] ) regarding a really general class of linear integro-differential equations (also with variable coefficients) involving the Prabhakar operators. 
then the evolution problem 12) with an analytic function g(t) as boundary condition, admits an operational solution
This theorem highlights the utility of the operational methods to solve, in a simple way, linear integro-differential equations involving Prabhakar integral operators. For example, it permits to solve BVP for equations with Caputo fractional derivatives (whose eigenfunction is given by the M-L function). Again, a central role is played by the semigroup property, that ensures the validity of (3.5). 
We observe that the convergence of the series (3.8) and of the solution of Example 3.4, was proved by Sandev et al. in [24] .
Analytic solution to integro-differential equations with variable coefficients by Laplace transform method
Fractional order integro-differential equations arise in many engineering and scientific disciplines as mathematical models of systems and processes in the field of physics, chemistry, aerodynamics, electrodynamics of complex medium, electro-analytical chemistry, biology, control theory, etc. A number of special functions like the Wright functions take an important role in the theory and applications of the fractional integro-differential equations, see for example [13, 28, 29] . In this section we will show the usefulness of a new special function (2.23) called multinomial Wright function in expressing the solution of the Cauchy type n-initial value problem (1. 1)-(1.2) .
In [28] , by using the Laplace transform method, we obtained an explicit solution of the Cauchy type problem (2.30)-(2.31) in terms of the Wright functions. The Cauchy type n-initial value problem (1.1)-(1.2), which will be considered here, is more general, since the right side of (2.30) contains convolution integral operator of the function y(x). Namely, using the Laplace transform method and the new Laplace transform formula (2.32) for the operator (2.1), we will give an explicit solution of (1.1)-(1.2) expressed via the multinomial Wright functions (2.23). 
In particular, if 0 < μ < 1, the equation (1.1) with the initial condition
has a solution in the space L(0, ∞) given by
P r o o f. In addition to the Laplace and inverse Laplace transforms (and the Laplace convolution theorem), we make use of the following familiar derivative formula:
, by applying the derivative formula (4.3) with n = 1 in conjunction with the Laplace transform method, and (2.18), the fractional differential equation (1.1) yields
which leads us to the following ordinary linear differential equation of the first order:
By solving the first-order ordinary differential equation (4.4), we obtain
where C is an integration constant. Our aim is to invert the Laplace transform Eq.(4.5) and to express y(x) in terms of generalized M-L functions. We first start to expand the Fox-Wright function 1 Ψ 0 and next expand the exponential in powers of s in the term that multiplies the term with the brackets. This gives us 
